We study neutrino physics in a 5D supersymmetric SO(10) GUT. We analyze several different choices for realizing the See-Saw mechanism. We find that the "natural" scale for the Majorana mass of right-handed neutrinos depends critically on whether the right-handed neutrinos are located in the bulk or localized on a brane. In the former case, the effective Majorana mass M eff is "naturally" of order the compactification scale M c ∼ 10 14 GeV. Note, this is the value necessary for obtaining a light τ neutrino with m ντ ∼ 10 −2 eV which, within the context of hierarchical neutrino masses, is the right order of magnitude to explain atmospheric neutrino oscillations. On the other-hand when the right-handed neutrino is localized on the brane, the effective Majorana mass is typically larger than M c . Nevertheless with small parameters of order 1/10 -1/30, M eff ∼ M c can be accommodated. We also discuss the constraints on model building resulting from the different scenarios for locating the right-handed neutrinos.
Introduction
In a recent paper [1] , we considered gauge coupling unification in a five dimensional supersymmetric SO(10) model compactified on an orbifold S 1 /(Z 2 × Z ′ 2 ). We obtained an excellent prediction for gauge coupling unification with a cutoff scale M * ∼ 3 × 10
17
GeV and a compactification scale M c ∼ 1.5×10
14 GeV. We also showed that our results are mathematically equivalent to a four dimensional supersymmetric grand unified theory [SUSY GUT] analysis with the color triplet Higgs mass given by M c [1] . However, unlike the 4D case, it was shown that proton decay due to dimension 5 operators may be completely eliminated. Therefore, in this 5D framework, the unification of gauge couplings is elegantly explained. At the same time all the nice features of grand unified theories, such as charge quantization and Yukawa unification, are maintained. Unfortunately, the proton decay rate in these models, due to dimension 6 operators, is sensitive to the placement of matter multiplets in the 5th dimension, as well as to the unknown physics above the cutoff scale.
In this paper we study neutrino masses within this same 5D orbifold framework. We consider the See-Saw mechanism for neutrino masses [2] and evaluate the effective right-handed Majorana mass in different scenarios. We find that the "natural" scale for the Majorana mass of right-handed neutrinos depends critically on whether the right-handed neutrinos are located in the bulk or localized on a brane. In the former case, the effective Majorana mass M eff is "naturally" of order the compactification scale M c ∼ 1.5×10 14 GeV. Hence, the left-handed τ neutrino mass is of order m t (m t ) 2 /3M c ≈ 0.06 eV 1 (for m t (m t ) ≈ 165 GeV) which is just right (assuming hierarchical neutrino masses) to explain atmospheric neutrino oscillations and the K2K data.
On the other-hand when the right-handed neutrino is localized on the brane, the effective Majorana mass is typically larger than M c . Nevertheless with small parameters of order 1/10 -1/30, M eff ∼ M c can be accommodated. We also discuss the constraints on model building resulting from the different scenarios for locating the right-handed neutrinos. Of course, in order to complete the analysis of neutrino oscillations we would need to construct a three neutrino model. Finally, we note other recent papers on 5D SO(10) SUSY GUTs within a similar orbifold framework [3] - [6] . Also an alternate mechanism for obtaining small neutrino masses in 5D GUTs is given in [7, 8] . MeV to 175 GeV), which is determined theoretically in terms of a dimensionless Yukawa coupling, O(10 −6 to 1), times a Higgs vev v ≈ 246 GeV. The heaviest neutrino mass ∼ < eV requires a neutrino -Higgs Yukawa coupling O(10 −12 ) which is unnaturally small. The GRSY See-Saw mechanism, on the other hand, provides a natural explanation for such small neutrino masses with order one Yukawa couplings [2] . Since the right-handed neutrino ν R (necessary for a Dirac neutrino mass) has zero charge under all SM gauge interactions, it can have a Majorana mass M much larger than the electroweak scale. with an SO(10) symmetry in the bulk and on the brane at y = 0, but only SU(4) C × SU(2) L × SU(2) R symmetry on the brane at y = πR/2. We call these two fixed points respectively, "SO(10)" and "Pati-Salam" branes. The brane describes a 3 + 1 dimensional spacetime and the gauge group is the maximal gauge symmetry surviving on each brane. Further breaking to the standard model gauge group is accomplished via the Higgs mechanism on the PS brane [1] .
We are interested in obtaining the Majorana mass scale for right-handed neutrino masses. The natural candidates for this scale are the cutoff scale M * ∼ 3 × 10 17 GeV and the compactification scale M c ∼ 1.5 × 10
14 GeV. Let us consider just one family of quarks and leptons (including the top, bottom and tau) which we consider locating either on the PS brane or in the bulk. Quarks and leptons of one SM family are contained in two irreducible representations given by the left-handed Weyl spinors, With regards to gauge coupling unification, whether one has bulk matter fields and/or brane localized matter fields does not make a difference as long as one has complete SO(10) multiplets at every KK level. However, once there are additional hypermultiplets in the bulk, the 5D gauge theory rapidly approaches a strong coupling regime. In our previous work [1] it was shown that the unification of gauge couplings is only achieved with a moderate hierarchy between the unification scale M * and the compactification scale M c = 1 R with M * R ∼ 10 3 . This moderately large ratio of M * /M c is self-consistent only if a non-trivial fixed point exists in the 5D super-YangMills theory. The condition for such a strongly coupled fixed point in 5D is satisfied only when the number of SO (10) hypermultiplets in the bulk with n 10 in vector and n 16 in spinor representations satisfies n 10 ≤ 6 and n 16 ≤ 2 [10] . Therefore, in order to maintain self-consistency, we assume that at most one generation of matter fields, requiring two 16 hypermultiplets of SO (10) , are in the bulk. This restriction does not, however, apply to SO(10) singlets. We introduce the SO(10) singlet, bulk fields N and N c which form a hypermultiplet in 5D. There are two choices for the orbifold parity of N and N c . 
From now on, we consider the second case in which the zero modes of N and N c are already projected out by the orbifolding.
Different Mass Terms in 5D
For ν, ν c , N and N c , we have various mass terms either in the bulk or on the brane. For N and N c , we can have both bulk mass terms and brane mass terms. Furthermore, they have 5D kinetic terms with ∂ 5 which behave as 4D mass terms. The fields ν and ν c can have brane localized mass terms by themselves or with N and N c . Since some fields reside only on the Pati-Salam brane and we have 5D N = 1 supersymmetry in the bulk, not all mass terms are allowed. Let us thus discuss the allowed neutrino mass terms in a 5D N = 1 supersymmetric theory with orbifold fixed points.
Dirac Mass
• Bulk Kaluza-Klein mass for N and N c There are Kaluza-Klein mass terms for N, N c which come from a 5D kinetic term,
Note, consistent with the cutoff scale M * , we truncate KK modes at N * satisfying 2N * M c ≃ M * .
• Kink mass for N and N c
We can write a Dirac mass term for N and N c in the bulk,
where M kink must be odd under Z 2 × Z ′ 2 ; hence a kink mass. Depending on the sign of M kink , there can appear two new light modes localized at opposite fixed points. In this paper we do not consider this possibility and set M kink = 0
• SM Yukawa couplings
We can write down the usual Yukawa couplings on the Pati-Salam brane.
When H ≡ (1,2, 2) acquires a vev v ≈ 246 GeV at the electroweak scale with F H = 0, we obtain the usual Dirac mass terms between the left-handed ν and the right-handed ν c * ,
sin β.
•
Pati-Salam Yukawa couplings
Both bulk and brane fields can have interactions on the brane. The PS gauge symmetry and the orbifold parity restrict the possible interactions.
We consider two cases: i) ψ 
The coefficient is determined such that λ D = 1 corresponds to the result from naive dimensional analysis with a strong coupling assumption. 4 We 4 You can easily obtain this result by having an overall factor of 1/(16π 2 ) and then multiply by 4π for each brane field and (24π 3 ) 1/2 for each bulk field in the expression [11] .
consider λ D = 1 as a "natural" value of the coupling. Whenχ c develops a vev at the cutoff scale with Fχc = 0 and χ c ≃
M * 4π
, we get
We then decompose it into KK modes,
Finally the Dirac neutrino mass for ν c and N n is given by M c ≃ M c , using, as stated above, naive dimensional analysis.
-ψ c 3 on the PS brane If ψ c 3 is on the PS brane, the interaction is
The Dirac mass M D for ν c and N n is then given by
In this case, for
Note, although the term
is also possible, with C = for ψ c on the PS brane, it is subleading compared to the term without the derivative ∂ 5 and is suppressed by M c /M * . We do not consider this term further in the paper.
Majorana Mass

• Majorana Mass in the bulk
A Majorana mass is allowed in the bulk for gauge singlet fields,
A 5D Majorana mass has a relative minus sign when it is expressed in terms of two 4D Weyl spinors. 6 We consider all possible values of M N ≤ M * . (See the appendix for a detailed discussion of Majorana masses in 5D.)
• Majorana Mass on the brane
It is possible to have a brane Majorana mass,
However, brane Majorana mass terms are volume suppressed compared to the bulk Majorana mass by a factor M c /M * . In addition, terms with ∂ 5 are suppressed 6 It is possible to redefineÑ = −iN such that the Majorana mass does not have a relative minus sign, W = by extra powers of M c /M * . Therefore, we set the brane Majorana mass terms to zero in our analysis when considering a bulk Majorana mass. However, when there is no bulk Majorana mass, the brane Majorana mass plays an important role.
Let us now summarize the mass terms in our setup. We have a bulk Dirac mass for N (+,
Neutrino Mass Matrix
We now calculate the eigenvalues of the neutrino mass matrix. The aim of this paper is to evaluate the left-handed tau neutrino mass using the See-Saw mechanism. We do this in two steps.
Step 1: Calculate the effective Majorana mass for the right-handed tau neutrino ν c τ . Since the electroweak Dirac neutrino mass (m) is extremely small compared to all other scales (M * or M c ), we first deal with the mass matrix for ν c , N and N c .
Step 2: We then calculate the mass of ν τ . We use techniques similar to those discussed in [12, 13] . Note, in the following the left-(right)-handed tau neutrino are simply denoted by ν (ν c ). There are two possibilities for the Majorana mass of N and/or N c . It can come from either a bulk Majorana mass or from a brane Majorana mass. We consider both possibilities here. We also consider the two choices of locating ν c either in the bulk or on the PS brane. We show that the final result is independent of whether we use a bulk or brane mass for N and/or N c . However the result depends critically on whether the field ν c is located in the bulk or on the PS brane. In the former case we show that M eff ≈ M c "naturally?" In the latter case, we describe how to obtain this result with minimal tuning of parameters.
Bulk Majorana Mass for N and N c
The most general superpotential has the mass terms as
which is decomposed into KK modes as
) for ν c in the bulk (on the PS brane).
Brane localized ν c case
The above formula applies to both the bulk ν c and the brane localized ν c . In the following discussion we first consider the case of a brane localized ν c , however our discussion below applies equally well to the zero mode of a bulk field with the identification ν c ≡ ν c 0 . Later we will add the tower of KK modes for the bulk ν c case. We now define
The effective right-handed neutrino mass is obtained by finding (M −1 ) ν c ν c . Let M be the matrix without ν c which has one less column and row compared toM.
Using the formulae in the appendix we obtain
is the effective Majorana mass for the right-handed neutrino. Note, the limit N * → ∞ is finite and the equality is obtained in this limit. We now consider two possible limits for the bulk Majorana mass M N , i.e. [Case
In case (1), the answer is insensitive to the size of M N . We obtain the effective right-handed neutrino mass
In case (2), we have . This is not a particularly onerous amount of fine-tuning. However, this may be achieved "naturally" by adding a brane localized SO (10) ) is now obtained "naturally" by a U(1) symmetry breaking vev for 4π S M * , i.e. one order of magnitude less than its "natural" value.
In case (2), where . In any case the desired value for M eff ≈ M c can be accommodated.
Bulk ν
c case : Inclusion of ν c KK modes
We now show that in the case of ν c in the bulk, although the formula for M eff (Eqn. 5.9) is unchanged, the "natural" value for the Dirac mass M D ≈ M c .
In the previous case we assumed ν c is a brane field without KK modes. Now, when ν c (i.e. ψ c ) is in the bulk, the mass matrix becomes much larger, but the analysis remains the same. The mass term is given by
with an extended definition of N , 15) and the mass matrix iŝ
The effective right-handed neutrino mass is obtained by finding (M −1 ) ν c n ν c n for n = 0, 1, 2, · · ·. We find
We note two interesting facts about this result. Firstly, this result is identical to the effective right-handed neutrino Majorana mass found for the previous case with ν c localized on the brane (Eqn. 5.9). Secondly, the effective Majorana mass is generated only for the zero mode of ν c and is independent of KK modes of ν c . You can easily check this using the above mass matrix by adding or subtracting √ 2 × ν c 0 column (row) to the ν c n column (row) which makes the mass matrix block diagonal form for ν c n for n ≥ 1. This operation does not change the determinant. We find
We then easily find the ν Therefore in this case, the effective Majorana mass for the right-handed neutrino is "naturally" given by the compactification scale M c ∼ 10 14 GeV.
Brane Majorana Mass for N
It is possible to imagine M N = 0. Suppose there is an additional U(1) symmetry (lepton number) under which N(N c ),χ c carries a charge 1(−1), 3. The bulk Majorana mass is forbidden. Then if there is a brane localized field S, carrying U(1) charge −2, we can write down the Majorana mass term on the brane. 7 We consider the case of both a brane localized and bulk field ψ c ⊃ ν c . As before we first consider ν c localized on the brane.
The most general superpotential has the mass terms given by
and
where the last term is the "natural" value (see for comparison Eqn. 4.12).
We now define
The effective right-handed neutrino mass is obtained similarly by finding (M −1 ) ν c ν c where
with m = m t at the GUT scale. We now consider the most general possibilities for having ψ c (⊃ ν c ) in the bulk or on the PS brane. Similarly, ψ(⊃ ν) can be either in the bulk or on the PS brane. Note, gauge coupling unification can be affected by the splitting of the left-handed ψ and the right-handed ψ c matter fields, if all KK modes are not in complete SO(10) multiplets. There are three possibilities for the third generation matter fields configurations. In all cases, the condition for the nontrivial fixed points is satisfied.
• ψ and ψ c in the bulk:
Gauge coupling unification works fine. However, there is a serious problem. The Yukawa coupling λ = λ t has a volume suppression (
Hence obtaining an order one coupling is difficult. At the very least, we would need to localize the Higgs towards the PS brane.
• ψ c in the bulk and ψ on the PS brane:
The gauge couplings get a threshold correction which make the prediction worse. The anomaly generated by massive KK modes of ψ c is cancelled by a 5D ChernSimons term [14] .
• ψ in the bulk and ψ c on the PS brane:
The gauge coupling unification goes in the right direction. We get a precise unification with a smaller ratio of M * /M c . The effective right-handed neutrino mass needs an additional suppression by 4π S M * of order 1 10 . Again there is an anomaly inflow with a 5D Chern-Simons term.
• ψ and ψ c on the PS brane:
Gauge coupling unification works fine. However, we need a suppression due to 4π S M * of order 1 10 .
With the above caveats it is possible to obtain a light tau neutrino mass m ντ ∼ m 2 /M c . Each one of the above choices, however, makes specific constraints on 5D SO(10) model building.
Conclusion
There are now several physics issues related to the compactification scale M c ≈ 10 14 GeV.
• Gauge coupling unification Hence, we obtain the Majorana mass from the Dirac mass by the field re-definitions, except for the last term which is a total derivative in 5D. Therefore, it is shown that the Dirac mass and the Majorana mass are equivalent in 5D up to boundary terms. Finally, in the presence of the boundaries, specifically for the orbifold compactification, the Majorana mass term can be re-expressed in terms of the Dirac mass term plus the residual effects given by 
